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We derive the equations of motion of relativistic, non-resistive, second-order dissipative magneto-
hydrodynamics from the Boltzmann equation using the method of moments. We assume the fluid to
be composed of a single type of point-like particles with vanishing dipole moment or spin, so that the
fluid has vanishing magnetization and polarization. In a first approximation, we assume the fluid to
be non-resistive, which allows to express the electric field in terms of the magnetic field. We derive
equations of motion for the irreducible moments of the deviation of the single-particle distribu-
tion function from local thermodynamical equilibrium. We analyze the Navier-Stokes limit of these
equations, reproducing previous results for the structure of the first-order transport coefficients.
Finally, we truncate the system of equations for the irreducible moments using the 14-moment ap-
proximation, deriving the equations of motion of relativistic, non-resistive, second-order dissipative
magnetohydrodynamics. We also give expressions for the new transport coefficients appearing due
to the coupling of the magnetic field to the dissipative quantities.
PACS numbers: 12.38.Mh, 24.10.Nz, 47.75.+f, 51.10.+y
I. INTRODUCTION
The success of relativistic fluid dynamics in describing the evolution of high-energy heavy-ion collisions [1] and
the existence of very large magnetic fields in these collisions [2–5] has generated a lot of interest in observing the
effects of the magnetic field on the fluid-dynamical evolution in these systems. The generic framework that couples
the electromagnetic field to the dynamics of a fluid is referred to as magnetohydrodynamics [6, 7]. There are several
works where the effect of electromagnetic fields on the dynamics of heavy-ion collisions have been studied [for a review,
see Ref. [8] and refs. therein], but so far they have been mostly based on the non-resistive, non-dissipative formulation
of relativistic magnetohydrodynamics. However, dissipation plays an important role in understanding the dynamics of
heavy-ion collisions and in particular in explaining the magnitude of the observed collective flow [for a review, see Ref.
[1] and refs. therein]. Thus, it is essential to develop a relativistic formulation of dissipative magnetohydrodynamics.
In principle, the most simple dissipative fluid-dynamical theory is a relativistic generalization of Navier-Stokes
theory, where the dissipative quantities, bulk viscous pressure, diffusion currents, and shear-stress tensor, are pro-
portional to the gradients of the flow field and of thermodynamical quantities. In the absence of a magnetic field,
the constants of proportionality are three scalar transport coefficients: bulk viscosity, diffusion constant, and shear
viscosity. A magnetic field breaks the isotropy of space, introducing several new transport coefficients [9–13], which
assume different values in the direction of the magnetic field and in the direction orthogonal to it. The relativistic
generalization of Navier-Stokes theory is, however, known to be acausal [14] and, at least, linearly unstable [15–17],
rendering it ill-suited for practical use. Without the magnetic field, these problems were cured by the causal and
stable “second-order” formalism of Israel and Stewart [18–20]. Israel-Stewart theory can be derived by starting from
the relativistic Boltzmann equation employing the so-called 14-moment approximation [19, 20], and the success of
fluid dynamics in describing the dynamics of heavy-ion collisions is based on this formalism.
In this paper, we follow the same line of reasoning as Israel and Stewart, and derive a relativistic causal theory of
second-order dissipative magnetohydrodynamics from the relativistic Boltzmann equation coupled to an electromag-
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2netic field. As in the original formulation by Israel and Stewart, we restrict ourselves to a single-component system
of spinless particles undergoing binary elastic collisions and use the 14-moment approximation in the framework de-
veloped in Refs. [21–23]. In a first step, we assume the fluid to have infinite electric conductivity (or zero resistivity),
which allows to replace the electric field by the magnetic field and considerably simplifies the equations of motion.
We remark that the assumption of infinite electric conductivity is an idealization which is hard (if not impossible)
to realize in systems whose microscopic dynamics is described by the Boltzmann equation: the electric conductivity
is a transport coefficient which is proportional to the mean free path of the particles, such as all other transport
coefficients appearing in dissipative fluid dynamics, and thus should be of the same order of magnitude as the latter.
Nevertheless, as non-resistive magnetohydrodynamics is a theory which finds widespread applications, we decided to
first discuss the simpler case of a non-resistive (albeit dissipative) fluid. The generalization towards systems with
finite conductivity will be addressed in a subsequent paper.
Let us add a few remarks on the length scales entering our discussion: (i) The Boltzmann equation is derived
under the assumption that the collision term in this equation is local, implying that the mean free path λmfp between
collisions is much larger than the typical interaction length
√
σ/pi, where σ is the binary-collision cross section. (ii)
The magnetic field leads to cyclotron motion of the charged particles. The curvature of the particle trajectories is given
by the inverse Larmor radius R−1L = qB/k⊥, where q is the electric charge of the particles and k⊥ is the momentum
of the particle transverse to the direction of the magnetic induction field B, which has magnitude B = |B| (in the
following the magnetic induction field is in a simplifying, but somewhat incorrect, manner referred to as “magnetic
field”). In our discussion we will assume that the magnetic field is sufficiently weak so that we can neglect the Landau
quantization of the cyclotron motion. This implies that the thermal energy ∼ T , where T is the temperature, is
much larger than the cyclotron frequency ∼ √qB. In other words, the thermal wavelength β0 ≡ 1/T  RT , where
RT ≡ (qBβ0)−1 is the Larmor radius of a particle with transverse momentum k⊥ = T . In the following, we refer
to RT as “thermal Larmor radius”. Note that this condition does not necessarily imply that the magnetic field
is weak in absolute magnitude, it only requires that the temperature of the system is sufficiently large, such that
T 2  qB. While our discussion is valid when λmfp 
√
σ/pi and RT  β0, there is a priori no constraint on the
ratio ξB ≡ λmfp/RT = qBβ0λmfp [24], as long as the first two inequalities are fulfilled.
This paper is organized as follows. In Sec. II we review the structure of the equations of motion of magnetohydrody-
namics, i.e., the evolution equations for energy and momentum coupled to Maxwell’s equations for the electromagnetic
fields. In Sec. III we present the magnetohydrodynamic equations of motion for the non-resistive, non-dissipative fluid.
In Sec. IV A we recall the method of moments and derive the equations of motion for the moments of the deviation of
the single-particle distribution function from local thermodynamical equilibrium in the presence of a magnetic field. In
Sec. IV B we show how the Navier-Stokes limit arises from the moment expansion. Finally, in Sec. IV C we derive the
main result of this paper, the equations of motion for non-resistive, second-order dissipative magnetohydrodynamics.
Section V concludes this work with a summary of the results and an outlook to future work.
We adopt natural Heaviside-Lorentz units, ~ = c = 0 = µ0 = kB = 1. Our convention for the metric tensor
is gµν = diag(1,−1,−1,−1). The fluid four-velocity is uµ (t,x) = γ (1,v)T , with γ = (1 − v2)−1/2, leading to the
normalization uµuµ ≡ 1. In the local rest (LR) frame of the fluid, uµLR = (1,0)T . The four-momentum kµ of particles
is normalized to their rest mass m0, k
µkµ = m
2
0. The rank-two projection operator onto the three-space orthogonal to
uµ is ∆µν = gµν−uµuν . For a four-vector Aµ, we define its projection onto the three-dimensional subspace orthogonal
to uµ as A〈µ〉 ≡ ∆µνAν . The rank-four projection operator is defined as ∆µναβ = 12
(
∆µα∆
ν
β + ∆
µ
β∆
ν
α
)
− 13∆µν∆αβ , which
is symmetric and traceless. For a rank-two tensor, we define the symmetric, traceless projection onto the three-space
orthogonal to uµ as A〈µν〉 ≡ ∆µναβAαβ . Our convention and useful relations for the rank-four Levi-Civita` tensor µναβ
are given in the Appendix.
II. EQUATIONS OF MOTION OF MAGNETOHYDRODYNAMICS
A. Maxwell’s equations and energy-momentum tensor of the electromagnetic field
In a relativistically covariant formulation of electrodynamics, the electric field vector E and the magnetic field vector
B constitute the components of the Faraday tensor Fµν . The latter is an antisymmetric (and hence traceless) rank-
two tensor (and thus has six independent components, corresponding to the six components of E and B). Without
loss of generality it can be decomposed with respect to the fluid velocity as [25, 26]
Fµν ≡ Eµuν − Eνuµ + µναβuαBβ , (1)
3while its Hodge dual is
F˜µν ≡ 1
2
µναβFαβ = B
µuν −Bνuµ − µναβuαEβ . (2)
Here we defined the electric field four-vector Eµ ≡ Fµνuν and the magnetic field four-vector Bµ ≡ F˜µνuν =
1
2
µναβFαβuν . Using the antisymmetry of the Faraday tensor and the rank-four Levi-Civita` tensor, one readily
realizes that Eµ and Bµ are orthogonal to the fluid velocity, Eµuµ = 0 and B
µuµ = 0. Moreover, in the local rest
frame of the fluid, they coincide with the usual electric and magnetic fields, i.e., EµLR = (0,E)
T
and BµLR = (0,B)
T
,
with Ei = F i0 and Bi = − 12ijkFjk. The electric field is a polar vector, while the magnetic field is an axial vector
dual to Fjk.
The evolution of the electric and magnetic fields are given by Maxwell’s equations,
∂µF
µν = Jν , (3)
∂µF˜
µν = 0 , (4)
where the electric charge four-current Jν serves as source for the electromagnetic field. It can be tensor-decomposed
with respect to the fluid velocity [26, 27],
Jµ = nuµ + Vµ , (5)
where n = uµJ
µ is the charge density in the local rest frame of the fluid and Vµ ≡ ∆µνJν is the charge diffusion
four-current. The solution of Eqs. (3) and (4) determines the electromagnetic fields as functionals of Jµ.
For non-polarizable, non-magnetizable fluids the electromagnetic stress-energy tensor is given by [25, 28]
Tµνem = −FµλF νλ +
1
4
gµνFαβFαβ . (6)
Using Maxwell’s equations (3), (4) one can show that
∂µT
µν
em = −F νλJλ . (7)
B. Particle four-current and energy-momentum tensor of the fluid
For particles without a microscopic dipole moment or spin the canonical momentum coincides with the kinetic
momentum [28]. Then, the particle four-current and energy-momentum tensor of the fluid are simply given by
Nµf ≡ 〈kµ〉 , (8)
Tµνf ≡ 〈kµkν〉 . (9)
Here,
〈· · · 〉 ≡
∫
dK · · · fk , (10)
with fk being the single-particle distribution function and dK ≡ g d3k/[(2pi)3k0] being the Lorentz-invariant measure
in momentum space, where g is the degeneracy factor due to internal degrees of freedom (note, however, that the spin
degeneracy is 2J + 1 = 1, since we consider spin-zero particles), and k0 =
√
k2 +m20 is the on-shell energy.
The particle four-current and the energy-momentum tensor can be tensor-decomposed with respect to the fluid
velocity,
Nµf = nfu
µ + V µf , (11)
Tµνf = εu
µuν − P∆µν +Wµuν +W νuµ + piµν , (12)
where the particle density nf , the energy density ε, and the isotropic pressure P are defined as
nf ≡ Nµf uµ = 〈Ek〉 , (13)
ε ≡ Tµνf uµuν =
〈
E2k
〉
, (14)
P ≡ −1
3
Tµνf ∆µν = −
1
3
〈∆µνkµkν〉 , (15)
4with Ek = k
µuµ being the energy of a particle in the local rest frame of the fluid. The particle and energy-momentum
diffusion currents orthogonal to the flow velocity are
V µf ≡ ∆µνNνf =
〈
k〈µ〉
〉
, (16)
Wµ ≡ ∆µαTαβf uβ =
〈
Ekk
〈µ〉
〉
, (17)
respectively, while the shear-stress tensor is
piµν ≡ ∆µναβTαβf =
〈
k〈µ k ν〉
〉
. (18)
For a single-component fluid, the electric charge and particle four-currents are related by
Jµf ≡ qNµf = nfuµ + Vµf , (19)
where nf ≡ uνJνf ≡ quνNνf = qnf is the charge density in the local rest frame and Vµf ≡ ∆µνJνf ≡ q∆µνNνf = qV µf is
the charge diffusion current. To leading order, the charge diffusion current is equal to the Ohmic induction current,
qV µf ' Jµind = σEEµ.
The components of Jµf and T
µν
f contain 14 unknowns, or equivalently, for a given four-vector field u
µ the three
scalar quantities nf , ε, P , the two times three (equals six) independent components of V
µ
f and W
µ, and the five
independent components of piµν . If the fluid velocity is a dynamical quantity, this would add another three unknowns
(the three independent components of uµ). However, the fluid velocity can be chosen to be proportional to the charge
four-current, which eliminates the charge diffusion current Vµf [the so-called Eckart frame [29]], or to be proportional
to the flow of energy, which eliminates the energy-momentum diffusion current Wµ [the so-called Landau frame [30]].
Let us assume that the only charge current in the system is that of the fluid, Jµ ≡ Jµf . If we project Maxwell’s
equation (3) onto uν and use Eqs. (1) and (5), we obtain,
∇µEµ + 2ωµBµ = nf , (20)
where we introduced the three-space gradient ∇µ ≡ ∆αµ∂α and the vorticity four-vector
ωµ =
1
2
µναβuν∂αuβ . (21)
In the following, we want to consider the non-resistive limit, i.e., the electric conductivity σE →∞. In this limit, the
Ohmic conduction current Jµind would diverge, unless we demand that E
µ = 0, or E = −v ×B, so that Jµind ' Vµf
remains finite. However, if Eµ = 0, we observe that the charge density of the fluid (and thus, for our single-component
system, the particle density of the fluid) assumes a value which is uniquely determined by the scalar product of the
magnetic field four-vector and the fluid vorticity, nf = qnf = 2ωµB
µ,1 and is no longer an independent variable.
Projecting Eq. (3) with ∆αν , similar arguments apply to the charge diffusion current V
ν
f = qV
ν
f .
On the other hand, in dissipative fluid dynamics nf and V
ν
f are traditionally considered as four (out of 14) indepen-
dent variables. In order to maintain this feature, we introduce an external current, Jµext, such that the total charge
current (5) reads
Jµ = Jµext + J
µ
f . (22)
Then, nf and V
ν
f become independent variables to be determined by the equations of motion for the fluid. In this
case, our derivation of dissipative magnetohydrodynamics can be formulated in close analogy to the one of ordinary
dissipative fluid dynamics for single-component systems. Note that the introduction of an external current does not
affect our argument that Eµ must vanish in the limit of infinite conductivity.
1 Amusingly, the corresponding term is of the same structure as the spin-vorticity coupling term discussed in Ref. [31], but the coefficient
assumes a different value, since in that case it is determined by spin-1/2 fermions in the lowest Landau level, while here we deal with
spinless particles and neglect Landau quantization.
5C. Equations of motion of magnetohydrodynamics
The total energy-momentum tensor of the system is
Tµν = Tµνem + T
µν
f . (23)
Note that the separation of Tµν into Tµνem and T
µν
f is not unique in the case of polarizable, magnetizable fluids [28].
This problem is absent here, as we consider a non-polarizable, non-magnetizable fluid.
While the charge current of the fluid is conserved,
∂µJ
µ
f = 0 , (24)
the total energy and momentum of the system are not, as the external charge current induces electromagnetic fields
and thus feeds energy and momentum into the system. In analogy to Eq. (7) we have
∂µT
µν = −F νλJext,λ . (25)
With Eq. (22), Eq. (7) reads
∂µT
µν
em = −F νλ
(
Jext,λ + Jf,λ
)
, (26)
and with Eq. (23) we can derive from Eq. (25) an equation of motion for the energy-momentum tensor of the fluid,
∂µT
µν
f = F
νλJf,λ . (27)
Equations (24), (26), and (27) constitute the equations of motion of magnetohydrodynamics. While the energy and
momentum of the electromagnetic fields change on account of the external charge current as well as the internal charge
current of the particles in the fluid, Eq. (26), the energy and momentum of the fluid change only on account of the
Lorentz force exerted on the charged particles within the fluid by the electromagnetic fields, Eq. (27). In general,
neither energy and momentum of the electromagnetic fields nor that of the fluid are conserved separately. The total
energy and momentum are only conserved in the absence of an external charge current, Jext,λ = 0, so that Eq. (25)
becomes ∂µT
µν = 0.
III. NON-RESISTIVE, NON-DISSIPATIVE MAGNETOHYDRODYNAMICS
A. Assumption of non-resistivity
The charge four-current induced by an electric field is Jµind = σEE
µ. A widely used approximation in applications
of magnetohydrodynamics is the assumption that the fluid is non-resistive, i.e., ideally conducting, such that σE →∞.
Then, as already stated, in order to have a finite induced charge current Jµind one has to demand E
µ → 0. From this
condition follows that, in an arbitrary frame, E = −v × B, such that the electric field can be eliminated from the
equations of motion.
An ideally conducting fluid implies an infinite mean free path of charged particles, i.e., the free-streaming limit.
However, in this paper we aim at deriving dissipative magnetohydrodynamics from an expansion around local thermo-
dynamical equilibrium, which corresponds to the opposite limit of vanishing mean free path. All transport coefficients
appearing in the equations of motion are proportional to the mean free path of particles, which is assumed to be much
smaller than the typical length scale over which fluid-dynamical quantities vary. In order to be consistent, the electric
conductivity must be of the same order as the other transport coefficients (in fact, the famous Wiedemann-Franz law
provides a unique relationship between the conductivity and the particle diffusion constant), and in principle we do
not have the freedom to send it to infinity. In case of a finite σE , we are in turn forced to consider a non-vanishing E
µ.
Nevertheless, since non-resistive magnetohydrodynamics is a theory which is widely applied to physical systems, we
decided to separate the discussion by first treating the somewhat simpler case Eµ = 0 (corresponding to a non-resistive
fluid), which is subject of the present work, and then embarking on a treatment of the more complicated case Eµ 6= 0,
which will be the focus of a follow-up to this paper.
For Eµ = 0, the Faraday tensor (1) and its Hodge dual (2) simplify to
Fµν −→ Bµν = µναβuαBβ , (28)
F˜µν −→ B˜µν = Bµuν −Bνuµ , (29)
6while Maxwell’s equations (3), (4) reduce with Eq. (22) to
µναβ (uα∂µBβ +Bβ∂µuα) = J
ν
ext + J
ν
f , (30)
B˙µ +Bµθ = uµ∂νB
ν +Bν∇νuµ , (31)
where A˙ ≡ uµ∂µA is the comoving derivative of any quantity A and θ ≡ ∂µuµ is the expansion scalar.
The energy-momentum tensor of the electromagnetic field becomes
Tµνem −→ TµνB =
B2
2
(uµuν −∆µν − 2bµbν) , (32)
where we introduced B2 ≡ −BµBµ and
bµ ≡ B
µ
B
, (33)
which is orthogonal to uµ, bµuµ = 0, and normalized to b
µbµ = −1.
For systems with a spatial anisotropy, as for instance induced by a magnetic field [10, 13, 32, 33], but not necessarily
restricted to this case [34] [for a review see Ref. [35] and refs. therein], it is convenient to introduce a rank-two operator
projecting onto the two-dimensional subspace orthogonal to both uµ and bµ,
Ξµν ≡ gµν − uµuν + bµbν = ∆µν + bµbν . (34)
Furthermore, since BµνBµν = 2B
2 it makes sense to introduce a new dimensionless antisymmetric tensor
bµν ≡ −B
µν
B
= −µναβuαbβ . (35)
Obviously, bµνuν = b
µνbν = 0, while Eq. (125) yields b
µνbµν ≡ −2bµbµ = 2. Moreover, with the help of Eq. (124) one
can show that
bµαbνα = Ξ
µ
ν . (36)
B. Consequences for energy and momentum evolution of the fluid
Already at this point we can draw conclusions from the assumption of non-resistivity for the equations of motion
of magnetohydrodynamics. Projecting Eqs. (26), (27) onto the direction of uν leads to
uν∂µT
µν
B = B uνb
νλ(Jext,λ + Jf,λ) = 0 , (37)
uν∂µT
µν
f = −B uνbνλJf,λ = 0 , (38)
because of uνb
νλ = 0. The latter equation means that a magnetic field does not change the fluid energy, which is
therefore separately conserved. This is easily understood since a magnetic field (contrary to an electric field) only
changes the direction of the momenta of the particle, but not their energy. On the other hand, projecting Eqs. (26),
(27) onto the three-space orthogonal to uν we have
∆αν ∂µT
µν
B =
[
B2u˙α −∇α
(
B2
2
)
−∆αν ∂µ
(
B2bµbν
)]
= B bαλ(Vext,λ + Vf,λ) , (39)
∆αν ∂µT
µν
f = −B bαλVf,λ , (40)
where we employed Eq. (26) with Eq. (32) to obtain the first equation. For both equations we used the decomposition
(5), see also Eq. (19), and employed the orthogonality bαλuλ = 0.
The interpretation of Eq. (40) is that the momentum of the fluid changes on account of the interaction of the
magnetic field with the charge diffusion current. Note that the magnetic field influences the dynamics of the fluid only
by coupling to the dissipative part of the charge current. Without dissipation, the dynamics of the fluid is unaffected
by the magnetic field, see Eq. (51) below.
7C. Equations of motion of non-resistive, non-dissipative magnetohydrodynamics
The equations of motion of non-resistive, non-dissipative magnetohydrodynamics are obtained under the assumption
that the fluid is in local thermodynamical equilibrium everywhere in space-time. In the case of dilute gases this
assumption implies that the single-particle distribution function assumes the form [36]
fk −→ f0k = [exp (β0Ek − α0) + a]−1 , (41)
with α0 = µβ0, where µ is the chemical potential associated with the particle density n0, and a = ±1 for
fermions/bosons, while a → 0 for classical particles. Since we assumed that we can neglect the Landau quanti-
zation of single-particle energy eigenstates (see Introduction), the distribution function is isotropic in the local frame,
Ek,LR =
√
k2 +m20. Local equilibrium means that the quantities α0, β0, as well as the fluid velocity u
µ are functions
of the space-time variable xµ. Since f0k depends solely on these five independent variables, and since N
µ
f and T
µν
f
computed from Eqs. (8), (9) with f0k replacing fk then also depend only on these five variables, the equations of
motion of magnetohydrodynamics are closed.
In the following, we need the thermodynamic integrals
Inq (α0, β0) =
(−1)q
(2q + 1)!!
〈
En−2qk
(
∆αβkαkβ
)q〉
0
, (42)
where 〈· · · 〉0 ≡
∫
dK · · · f0k is defined in analogy to Eq. (10). Similarly, the auxiliary thermodynamic integrals are
Jnq ≡
(
∂Inq
∂α0
)
β0
=
(−1)q
(2q + 1)!!
〈
En−2qk
(
∆αβkαkβ
)q
(1− af0k)
〉
0
. (43)
Since
(
∂Inq
∂β0
)
α0
= −Jn+1,q, the total derivative is
dInq(α0, β0) ≡ ∂Inq
∂α0
dα0 +
∂Inq
∂β0
dβ0 = Jnq dα0 − Jn+1,q dβ0 . (44)
Using the equilibrium distribution function in Eqs. (8), (9) we obtain the conserved quantities in the form for a
non-dissipative fluid,
Nµf0 ≡ 〈kµ〉0 = nf0uµ , (45)
Tµνf0 ≡ 〈kµkν〉0 = ε0uµuν − P0∆µν , (46)
where
nf0 ≡ Nµf0uµ = I10 , (47)
ε0 ≡ Tµνf0 uµuν = I20 , (48)
P0 ≡ −1
3
Tµνf0 ∆µν = I21 . (49)
Therefore, the total energy-momentum tensor of a non-resistive, non-dissipative fluid reads
Tµνf0+B ≡ Tµνf0 + TµνB =
(
ε0 +
B2
2
)
uµuν −
(
P0 +
B2
2
)
∆µν −B2bµbν . (50)
An immediate consequence of the assumptions of non-resistivity as well as non-dissipativity is that the energy and
momentum of the fluid is separately conserved,
∂µT
µν
f0 = 0 . (51)
This follows immediately from Eq. (27), since F νλJλ −→ −B bνλnuλ = 0, but it also follows from Eqs. (38) and (40),
since Vf,λ ≡ 0 for a non-dissipative fluid. The energy of the magnetic field is conserved on account of Eq. (37), but
the momentum only when Vext,λ = 0, cf. Eq. (39).
8IV. NON-RESISTIVE, DISSIPATIVE MAGNETOHYDRODYNAMICS
In this section, we derive the equations of motion of non-resistive, dissipative magnetohydrodynamics for a fluid con-
sisting of a single type of point-like particles without dipole moment or spin. We also assume that the particles undergo
binary elastic collisions only. Starting from the Boltzmann equation in the presence of an external electromagnetic
field, we first derive the (infinite) set of equations of motion for the irreducible moments of the deviation
δfk ≡ fk − f0k (52)
of the single-particle distribution function from isotropic local thermodynamical equilibrium. Then we truncate this
set using the 14-moment approximation. Our treatment follows closely that of Refs. [22, 23], extending the latter by
terms arising from the magnetic field. Note that our assumption β0  RT (see Introduction) allows us to neglect
Landau quantization, otherwise f0k would be anisotropic. In principle, however, this case can be discussed using the
formalism presented in Ref. [34]. An anisotropy also emerges when using an f0k which is a solution of the Vlasov
equation [32, 33], or an anisotropic distribution function parametrizing deviations from local equilibrium [37].
A. Equations of motion for the irreducible moments
The relativistic Boltzmann equation coupled to an electromagnetic field [25, 38] is
kµ∂µfk + qF
µνkν
∂
∂kµ
fk = C [f ] . (53)
Here the assumption is that the electromagnetic field Fµν changes the momenta kµ of particles carrying charge q on
large space-time scales ∼ RT , while the collision term, being a quantity which is local in space-time, redistributes
them on small space-time scales ∼√σ/pi. We remark that if the particles carry a dipole moment or spin, there would
be an additional term on the left-hand side [28]. Note that for Eq. (53) it does not matter whether the electromagnetic
field is generated exclusively via the charge current of the particles, Jνf as source term in the inhomogeneous Maxwell
equations, or exclusively via an external charge current Jνext, or by a combination of both. However, on account of
our remarks made at the end of Sec. II B, only the case of a non-vanishing external charge current allows to treat the
particle current Nµf as an independent fluid-dynamical variable.
Under the assumption that the particles undergo binary elastic collisions only, the collision term reads
C [f ] =
1
2
∫
dK ′dPdP ′
[
Wpp′→kk′fpfp′ (1− afk) (1− afk′)−Wkk′→pp′fkfk′ (1− afp) (1− afp′)
]
, (54)
where the factors 1 − af represent the corrections from quantum statistics. The invariant transition rate Wkk′→pp′
satisfies detailed balance, Wkk′→pp′ = Wpp′→kk′ , and is symmetric with respect to the exchange of momenta,
Wkk′→pp′ = Wk′k→pp′ = Wkk′→p′p.
Following Refs. [22, 23] we define the irreducible moments of δfk as
2
ρµ1···µnr ≡
〈
Erkk
〈µ1 · · · k µn〉
〉
δ
, (55)
where 〈· · · 〉δ =
∫
dK · · · δfk. Here, the irreducible tensor of rank ` is defined as
k〈µ1 · · · k µ`〉 = ∆µ1···µ`ν1···ν` kν1 · · · kν` , (56)
where the rank-2` symmetric and traceless projection tensor ∆µ1···µ`ν1···ν` is a straightforward generalization of the rank-
four projection tensor ∆µναβ introduced above [for more details on how to construct the former, see Refs. [34, 38]]. The
irreducible tensors 1, k〈µ〉, k〈µ k ν〉, k〈µ kνk λ〉, . . . form a complete basis in momentum space and satisfy the following
orthogonality condition∫
dK F(Ek) k
〈µ1 · · · k µ`〉k〈ν1 · · · kνn〉 =
`! δ`n
(2`+ 1)!!
∆µ1···µ`ν1···ν`
∫
dK F(Ek)
(
∆αβkαkβ
)`
, (57)
2 A tensor is called irreducible when it is irreducible under a group G consisting of Lorentz transformations that leave uµ invariant. Let
F be a subgroup of G consisting of Lorentz transformations that leave both uµ and bµ invariant. An irreducible tensor under G may be
reducible under F . This reduction of symmetry leads to a larger number of transport coefficients in dissipative magnetohydrodynamics
than in ordinary dissipative fluid dynamics; see Sec. IV B.
9where F(Ek) is a sufficiently rapidly converging (but otherwise arbitrary) function of Ek.
The deviations of the particle four-current and the fluid energy-momentum tensor from their local equilibrium
values Nµf0, T
µν
f0 are
δNµf ≡ 〈kµ〉δ = δnf uµ + V µf , (58)
δTµνf ≡ 〈kµkν〉δ = δε uµuν −Π ∆µν +Wµuν +W νuµ + piµν , (59)
where the corrections to particle density, energy density, and isotropic pressure are
δnf ≡ δNµf uµ = ρ1 , (60)
δε ≡ δTµνf uµuν = ρ2 , (61)
Π ≡ −1
3
δTµνf ∆µν = −
m20
3
ρ0 +
ρ2
3
. (62)
The particle and energy-momentum diffusion currents orthogonal to the fluid velocity are
V µf ≡ ∆µν δNνf = ρµ0 , (63)
Wµ ≡ ∆µαδTαβf uβ = ρµ1 , (64)
while the shear-stress tensor is
piµν ≡ ∆µναβδTαβf = ρµν0 . (65)
Choosing the Landau frame [30] to determine the fluid velocity implies
uµ =
Tµνf uν√
uαT
αβ
f Tf,βγu
γ
, ρµ1 = 0 . (66)
The parameters α0 and β0 entering f0k are determined by the so-called Landau matching conditions, i.e., demanding
that the particle density and energy density resulting from fk are identical with those resulting from f0k, nf =
nf0, ε = ε0, or in other words
δnf = ρ1 = 0 , δε = ρ2 = 0 . (67)
Then, the charge four-current and total energy-momentum tensor in non-resistive, dissipative magnetohydrody-
namics are
Jµf ≡ nfuµ + Vµf , (68)
Tµν ≡ Tµνf + TµνB =
(
ε0 +
B2
2
)
uµuν −
(
P0 + Π +
B2
2
)
∆µν −B2bµbν + piµν . (69)
Equations (24), (27) with Eqs. (68), (69) together with the thermodynamical identities (42), (43) lead to the following
equations of motion for α0, β0, and u
µ:
α˙0 =
1
D20
[
−J30
(
nf0θ + ∂µV
µ
f
)
+ J20 (ε0 + P0 + Π) θ − J20piµνσµν
]
, (70)
β˙0 =
1
D20
[
−J20
(
nf0θ + ∂µV
µ
f
)
+ J10 (ε0 + P0 + Π) θ − J10piµνσµν
]
, (71)
and
u˙µ =
1
ε0 + P0
[
nf0
β0
(∇µα0 − h0∇µβ0)−∆µν∂κpiκν −Πu˙µ +∇µΠ− qB bµνVf,ν
]
, (72)
where Dnq ≡ Jn+1,qJn−1,q − J2nq, h0 ≡ (ε0 + P0) /nf0 is the enthalpy per particle, and σµν = ∇〈µuν〉 is the shear
tensor. The equations of motion for α0 and β0 are the same as Eqs. (39), (40) of Ref. [22], however Eq. (72) contains
an additional term due to the magnetic field when compared to Eq. (41) of Ref. [22].
We now use Eq. (52) to replace fk by δfk in the Boltzmann equation (53). Then, we take moments of the Boltzmann
equation (53) in momentum space. With the definitions
ρ˙〈µ1···µ`〉r ≡ ∆µ1···µ`ν1···ν` uα∂αρν1···ν`r , (73)
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and
C〈µ1···µ`〉r ≡ ∆µ1···µ`ν1···ν`
∫
dK Erk k
ν1 · · · kν`C [f ] , (74)
we obtain the equations of motion for the irreducible moments, similarly as shown in Refs. [22, 23].
The equation of motion for the irreducible tensors of rank zero reads
ρ˙r − Cr−1 = α(0)r θ +
G3r
D20
∂µV
µ
f +
θ
3
[
m20(r − 1)ρr−2 − (r + 2)ρr − 3
G2r
D20
Π
]
+ rρµr−1u˙µ −∇µρµr−1 +
[
(r − 1)ρµνr−2 +
G2r
D20
piµν
]
σµν . (75)
where we have defined Gnm = Jn,0Jm,0 − Jn−1,0Jm+1,0. Note that the contribution of the magnetic field vanishes for
any scalar moment and exactly corresponds to Eq. (35) of Ref. [22]. However, the magnetic field is still present and
affects the fluid motion through the acceleration equation, Eq. (72), as well as through the equations of motion for
the irreducible moments of rank higher than zero, see below.
The equation of motion for the irreducible tensors of rank one is
ρ˙〈µ〉r − C〈µ〉r−1 = α(1)r ∇µα0 + rρµνr−1u˙ν −
1
3
∇µ [m20ρr−1 − ρr+1]−∆µα (∇νρανr−1 + αhr∂κpiκα)
+
1
3
[
m20 (r − 1) ρµr−2 − (r + 3) ρµr
]
θ + (r − 1) ρµνλr−2σµν
+
1
5
σµν
[
m20 (2r − 2) ρr−2,ν − (2r + 3) ρr,ν
]
+ ρr,νω
µν
+
1
3
[
m20rρr−1 − (r + 3) ρr+1 − 3αhrΠ
]
u˙µ + αhr∇µΠ
− αhr qBbµνVf,ν − qBbµνρr−1,ν , (76)
where ωµν = (∇µuν − ∇νuµ)/2 is the vorticity tensor. The two terms in the last line are new as compared to Eq.
(36) of Ref. [22] and explicitly contain the magnetic field.
The equation of motion for the irreducible moments of tensor of rank two is
ρ˙〈µν〉r − C〈µν〉r−1 = 2α(2)r σµν +
2
15
[
m40 (r − 1) ρr−2 − (2r + 3)m20ρr + (r + 4) ρr+2
]
σµν
+
2
5
u˙〈µ
[
m20rρ
ν〉
r−1 − (r + 5) ρν〉r+1
]
− 2
5
[
∇〈µ
(
m20ρ
ν〉
r−1 − ρν〉r+1
)]
+ rρµνγr−1u˙γ −∆µναβ∇λραβλr−1 + (r − 1) ρµνλκr−2 σλκ + 2ρλ〈µr ω ν〉λ
+
1
3
[
m20 (r − 1) ρµνr−2 − (r + 4) ρµνr
]
θ +
2
7
[
m20 (2r − 2) ρκ〈µr−2 − (2r + 5) ρκ〈µr
]
σ ν〉κ
− 2 qBbαβ∆µνακgλβρκλr−1 , (77)
where only the last term is new when compared to Eq. (37) of Ref. [22] and explicitly contains the magnetic field.
Here we also defined the following coefficients which are formally unchanged from Eqs. (42) – (44) of Ref. [22],
α(0)r = (1− r) Ir1 − Ir0 −
nf0
D20
(h0G2r −G3r) , (78)
α(1)r = Jr+1,1 − h−10 Jr+2,1 , (79)
α(2)r = Ir+2,1 + (r − 1) Ir+2,2 , (80)
αhr = −
β0
ε0 + P0
Jr+2,1 . (81)
The collision integral can be linearized using Eq. (52) and written as
C
〈µ1···µ`〉
r−1 ≡ −
N∑`
n=0
A(`)rnρµ1···µ`n , (82)
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where the coefficient A(`)rn contains time scales ∼ λmfp. In order to obtain this result, we have assumed that the
magnetic field does not modify the collision integral, so that we were able to employ the orthogonality relation (57),
for details see Ref. [22].
Note that, once the equations of motion (75) – (77) (and in principle those for all higher-rank tensors) are solved
and the complete set of irreducible moments is determined, one can reconstruct the single-particle distribution fk as
a solution of the Boltzmann equation. Following Refs. [22, 23],
fk = f0k + f0k (1− af0k)
∞∑
`=0
N∑`
n=0
ρµ1···µ`n k〈µ1 · · · kµ`〉H(`)kn . (83)
We remark that this relation is an exact equality (i.e., fk an exact solution of the Boltzmann equation) only if we
take N` → ∞. In practice, however, one has to truncate the sum over n at some finite value, N` < ∞. The same
holds for the sum over `. Since there are no tensors of rank higher than two in fluid dynamics, this sum is usually
restricted to ` ≤ 2. Furthermore, this also implies that higher-rank tensors on the right-hand sides of the equations
of motion (75) – (77) will be subsequently neglected.
The coefficients H(`)kn are defined as
H(`)kn =
(−1)`
`! J2`,`
N∑`
i=n
i∑
m=0
a
(`)
in a
(`)
imE
m
k , (84)
where the coefficients a
(`)
ij can be written in terms of thermodynamic integrals and are calculated via Gram-Schmidt
orthogonalization, for details see Ref. [22].
In preparation of a suitable truncation of the infinite set of equations of motion for the irreducible moments, we note
that an irreducible moment of arbitrary order r and tensor rank ` can always be expressed as a linear combination of
irreducible moments of all orders n and the same tensor rank,
ρµ1···µ`r =
N∑`
n=0
ρµ1···µ`n F (`)−r,n =
N∑`
n=0
ρµ1···µ`n
N∑`
i=n
i∑
m=0
a
(`)
in a
(`)
im
Jr+m+2`,`
J2`,`
, (85)
where
F (`)rn =
`!
(2`+ 1)!!
∫
dKE−rk H(`)kn
(
∆αβkαkβ
)`
f0k (1− af0k) . (86)
The first equality of relation (85) is proven using the orthogonality (57) of the irreducible moments and their definition
(55). The second equality of relation (85) is shown using the definitions of the auxiliary thermodynamic integrals
(43) and of the coefficients (84). Note that Eq. (85) is an identity for 0 ≤ r ≤ N`, while it is an approximation for r
outside this range, unless N` →∞. The accuracy of this approximation can be systematically improved by increasing
N`. In the remainder of this paper, however, we will restrict ourselves to the so-called 14-moment approximation, i.e.,
we will assume N0 = 2, N1 = 1, and N2 = 0 [22].
B. The Navier-Stokes approximation
Besides a suitable truncation of Eqs. (75) – (77), we also need a scheme to power count the various terms in
these equations, in order to define the order of the approximation we are considering. We assume that quantities
representing deviations from local thermodynamical equilibrium, like the irreducible moments, are of first order in
some small parameter. Furthermore, since macroscopic fields like α0(x
µ), β0(x
µ), and uµ(xµ) vary on space-time scales
that are much larger than the microscopic scales contained in the collision integral, we also assume that derivatives
of these fields are of first order in that small parameter.
In the Navier-Stokes approximation, all second-order terms, i.e., terms involving products of irreducible moments
and derivatives of α0, β0, and u
µ, or derivatives of irreducible moments are neglected, leaving only the collision
integrals [in linearized form, see Eq. (82)] on the left-hand sides and the first terms as well as the last terms involving
the magnetic field on the right-hand sides of Eqs. (75) – (77). Bringing the latter ones to the left-hand side results in
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the following set of equations,
N0∑
n=0,6=1,2
A(0)rn ρn = α(0)r θ , (87)
N1∑
n=0,6=1
[
A(1)rn gµν + qB
(
F (1)1−r,n + αhr δn0
)
bµν
]
ρn,ν = α
(1)
r ∇µα0 , (88)
N2∑
n=0
[
A(2)rn gµαgνβ + qBF (2)1−r,n
(
bµβg
ν
α + b
ν
βg
µ
α
)]
ραβn = 2α
(2)
r σ
µν . (89)
In physical terms, it is assumed that the irreducible moments no longer evolve in time and assume their asymptotic
solution given solely by the first-order terms on the right-hand side, multiplied by the inverse of the coefficient matrix
on the left-hand side. The formal solution of this set of equations is
ρr = ζ
µν
r ∂µuν , (90)
ρµr = κ
µν
r ∇να0 , (91)
ρµνr = η
µναβ
r σαβ , (92)
where the rank-two tensor coefficients can in general be decomposed in terms of the projection operators Ξµν , bµbν ,
as well as the tensor bµν [10],
ζµνr = ζr⊥Ξ
µν − ζr‖bµbν − ζr×bµν , (93)
κµνr = κr⊥Ξ
µν − κr‖bµbν − κr×bµν , (94)
while the rank-4 tensor coefficient involves the projection operator ∆µναβ and products of ∆µν , Ξµν , bµbν , as well as
bµν , for more details, see Ref. [10],
ηµναβr = 2ηr0 ∆
µναβ + ηr1
(
∆µν − 3
2
Ξµν
)(
∆αβ − 3
2
Ξαβ
)
− 2ηr2
(
Ξµαbνbβ + Ξναbµbβ
)− 2ηr3 (Ξµαbνβ + Ξναbµβ)+ 2ηr4 (bµαbνbβ + bναbµbβ) . (95)
The scalar transport coefficients ζr⊥, ζr‖, ζr×, κr⊥, κr‖, κr×, ηr0, ηr1, ηr2, ηr3, ηr4 are obtained by substituting Eqs.
(90) – (92) into Eqs. (87) – (89) and identifying the coefficients of the corresponding tensor structures.
The bulk-viscosity coefficients ζr⊥, ζr‖, ζr× are then determined by the following equations,
N0∑
n=0,6=1,2
A(0)rn ζn⊥ = α(0)r ,
N0∑
n=0,6=1,2
A(0)rn
(
ζn⊥ − ζn‖
)
= 0 ,
N0∑
n=0,6=1,2
A(0)rn ζn× = 0 . (96)
and hence in the 14-moment approximation (N0 = 2),
ζ0⊥ = ζ0‖ =
α
(0)
r
A(0)r0
, ζ0× = 0 . (97)
Note that, as long as the collision integral is assumed to be independent of the magnetic field, only a tensor structure
of the type ∼ Ξµν − bµbν ≡ ∆µν survives in the bulk-viscosity tensor (93). In general, however, this does not need to
be the case. An explicit example is given in Ref. [39] where ζ0⊥ and ζ0‖ are calculated for a hot quark-gluon plasma
in a magnetic field, taking into account Landau quantization.
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The transport coefficients κr⊥, κr‖, κr× are found from Eq. (88) by inserting Eq. (91). This leads to the following
system of coupled equations,
N1∑
n=0,6=1
[
A(1)rn κn⊥ + qB
(
F (1)1−r,n + αhr δn0
)
κn×
]
= α(1)r , (98)
N1∑
n=0,6=1
A(1)rn κn‖ = α(1)r , (99)
N1∑
n=0,6=1
[
A(1)rn κn× − qB
(
F (1)1−r,n + αhr δn0
)
κn⊥
]
= 0 , (100)
and hence, in the 14-moment approximation (N1 = 1),
κr ≡ κ0‖ = α
(1)
r
A(1)r0
, κ0⊥ = κ0‖
1 +(qBF (1)1−r,0 + αhr
A(1)r0
)2−1 , κ0× = κ0⊥ qBF (1)1−r,0 + αhrA(1)r0 . (101)
One observes that, when B → 0, κ0× → 0, while κ0‖ → κ0⊥. Also in this case, the diffusion tensor κµν0 ∼ ∆µν , as
expected. Moreover, for any B 6= 0, κ0⊥ < κ0‖, i.e., due to the cyclotron motion of the particles, particle (or charge)
diffusion transverse to the magnetic field is reduced as compared to the diffusion parallel to the magnetic field.
In the limit of a massless Boltzmann gas, where Jnq ≡ Inq = (n+1)!2(2q+1)!!β2−n0 P0, and for a constant binary cross section
σ = const., we obtain for r = 0 the following expressions: α
(1)
0 = β0P0/12, α
h
0 ≡ −1/h0 = −β0/4, F (1)10 = 2β0/3, and
A(1)00 = 4/(9λmfp), where λmfp = 1/(nf0σ) is the mean free path of the particles, and thus the diffusion coefficients
assume the values
κ0‖ =
3λmfpnf0
16
, κ0⊥ =
48λmfpnf0
256 + 225ξ2B
, κ0× =
45 ξBλmfpnf0
256 + 225ξ2B
, (102)
where ξB ≡ qBβ0λmfp ≡ λmfp/RT was defined in the introduction.
As expected, the longitudinal diffusion is solely given in terms of the mean free path, since the magnetic field does
not affect the dynamics in the bµ direction. On the other hand, there is an interplay between the mean free path and
the thermal Larmor radius RT for the transverse diffusion, since the underlying particles not only collide but also
undergo cyclotron motion. The magnetic-field dependence of these coefficients is shown in Fig. 1 (a).
Let us consider the limiting case where the mean free path is much larger than the thermal Larmor radius, i.e.,
ξB  1. This can be achieved either for fixed B by decreasing the temperature or density, such that the mean free
path increases, or by increasing the magnetic field B, and thus decreasing the Larmor radius, for fixed density, i.e.,
fixed mean free path. In this limit,
κ0‖ =
3λmfpnf0
16
, κ0⊥ ' 16
75
λmfpnf0
ξ2B
, κ0× ' λmfpnf0
5ξB
≡ nf0RT
5
. (103)
As expected, the Hall diffusion coefficient κ0× assumes a value which is independent of the mean free path. Note,
however, that we obtain a non-zero value for this quantity. The unique relationship between the diffusion coefficient
and the electric conductivity (the Wiedemann-Franz law mentioned above) then implies that also the Hall conductivity
is non-zero. This result is different from the vanishing value quoted in Eq. (8.198) of Ref. [25], valid for a mixture of
an ultrarelativistic electron gas and a non-relativistic ion gas.
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FIG. 1. (Color online) The magnetic-field dependence of the diffusion coefficients (a) and the shear-viscosity coefficients (b).
Finally, inserting Eq. (92) into Eq. (89) leads to the following set of equations for the shear-viscosity coefficients,
N2∑
n=0
(
A(`)rnηn0 + 4 qBF (2)1−r,nηn3
)
= α(2)r , (104)
N2∑
n=0
(
A(2)rn ηn3 − qBF (2)1−r,nηn0
)
= 0 , (105)
N2∑
n=0
(
A(2)rn ηn4 −A(2)rn ηn3 − qBF (2)1−r,nηn2
)
= 0 , (106)
N2∑
n=0
(
A(2)rn ηn2 + qBF (2)1−r,nηn4 − 4 qBF (2)1−r,nηn3
)
= 0 , (107)
N2∑
n=0
(
3A(2)rn ηn1 − 16 qBF (2)1−r,nηn3
)
= 0 . (108)
In the 14-moment approximation (N2 = 0) the above set of equations is solved by
η00 = ηr
1 + 4(qBF (2)1−r,0
A(2)r0
)2−1 , (109)
η01 =
16
3
(
qB
F (2)1−r,0
A(2)r0
)2
η00 , (110)
η02 = 3
(
qB
F (2)1−r,0
A(2)r0
)2 1 +(qBF (2)1−r,0
A(2)r0
)2−1 η00 , (111)
η03 = qB
F (2)1−r,0
A(2)r0
η00 , (112)
η04 = ηr qB
F (2)1−r,0
A(2)r0
1 +(qBF (2)1−r,0
A(2)r0
)2−1 . (113)
where ηr = α
(2)
r /A(2)r0 corresponds to the usual shear-viscosity coefficient. As expected, when B → 0, only η00 remains
non-zero, such that ηµναβ0 ∼ ∆µναβ , as expected. Note that, for B 6= 0, the “standard” shear-viscosity coefficient η00
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is reduced as compared to its value for B = 0. This reduction of viscosity is similar to the mechanism suggested in Ref.
[40], giving rise to the so-called “anomalous viscosity”, although that work considered gluon instead of electromagnetic
fields.
In the limit of a massless Boltzmann gas and for a constant cross section, we obtain for r = 0 the quantities
α
(2)
0 = 4P0/5, F (2)10 = β0/5, and A(2)00 = 3/(5λmfp). This yields η0 = 4λmfpP0/3 and
η00 =
12λmfpP0
9 + 4ξ2B
, η01 =
64
9
ξ2BλmfpP0
9 + 4ξ2B
, η02 =
36ξ2BλmfpP0
[9 + 4ξ2B ][9 + ξ
2
B ]
, η03 =
4ξBλmfpP0
9 + 4ξ2B
, η04 =
4ξBλmfpP0
9 + ξ2B
.
(114)
The magnetic field dependence of these coefficients is shown in Fig. 1(b). For a large ratio of mean free path to
thermal Larmor radius, ξB  1,
η00 =
1
3
η02 ' 9
4
η0
ξ2B
, η01 ' 4
3
η0 , η03 =
1
4
η04 ' λmfpP0
ξB
≡ P0RT .
In this limit, the last two viscosities, η03 and η04, become independent of λmfp. They appear purely due to the Lorentz
force (and are thus named Hall viscosities). The relation η03 = η04/4 holds also in the non-relativistic case [41]. We
note that a similar study of the shear-viscosity coefficients in the Navier-Stokes limit was recently performed in Ref.
[42], using the Boltzmann equation in the relaxation-time approximation.
Finally, we remark that the effect of a magnetic field on the shear viscosity of a strongly coupled N = 4 super-
symmetric Yang-Mills plasma with a large number of colors was studied in Ref. [11]. In this case, it was shown that
the ratio between η00 and the entropy density s does not change with the magnetic field, η00/s = 1/(4pi), while the
ratio (η00 + η02)/s, considered in Ref. [11], was found to be suppressed in strong magnetic fields. This illustrates how
the microscopic assumptions regarding the fluid, i.e., strong versus weak coupling, may alter its response to magnetic
fields.
C. Second-order magnetohydrodynamical equations of motion
We now derive the equations of motion for non-resistive, second-order dissipative magnetohydrodynamics. In this
case, all terms in Eqs. (75) – (77) are kept, but the irreducible moments ρµ1···µ`r with r 6= 0 are replaced using the
14-moment approximation (N0 = 2, N1 = 1, N2 = 0) using Eq. (85). With the definitions (62) – (65) we obtain
ρr =
N0∑
n=0,6=1,2
ρnF (0)−r,n = −
3
m20
Π
Jr0D30 + Jr+1,0G23 + Jr+2,0D20
J20D20 + J30G12 + J40D10
, (115)
ρµr =
N1∑
n=0,6=1
ρµnF (1)−r,n = V µf
Jr+2,1J41 − Jr+3,1J31
D31
, (116)
ρµνr =
N2∑
n=0
ρµνn F (2)−r,n = piµν
Jr+4,2
J42
, (117)
while all higher-rank tensors (` > 2) are assumed to vanish. The above formulas also hold for negative values of r.
For r = 0 Eq. (75), together with Eqs. (115) – (117), leads to an equation of motion for the bulk viscous pressure
τΠΠ˙ + Π = −ζθ − `ΠV ∇µV µf − τΠV V µf u˙µ − δΠΠ Πθ − λΠV V µf ∇µα0 + λΠpi piµνσµν . (118)
Similarly, taking r = 0 we obtain a relaxation equation for the particle diffusion current from Eq. (76)
τV V˙
〈µ〉
f + V
µ
f = κ∇µα0 − τV Vf,νωνµ − δV V V µf θ − `VΠ∇µΠ + `V pi∆µν∇λpiλν + τVΠ Πu˙µ − τV pi piµν u˙ν
− λV V Vf,νσµν + λVΠ Π∇µα0 − λV pi piµν∇να0
− δV B qBbµνVf,ν , (119)
The relaxation equation of the shear-stress tensor follows from Eq. (77) for r = 0,
τpip˙i
〈µν〉 + piµν = 2ησµν + 2τpipi
〈µ
λ ω
ν〉λ − δpipi piµνθ − τpipi piλ〈µσ ν〉λ + λpiΠ Πσµν
− τpiV V 〈µf u˙ν〉 + `piV∇〈µV ν〉f + λpiV V 〈µf ∇ν〉α0
− δpiB qBbαβ∆µνακgλβpiκλ . (120)
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The coefficients of the terms without explicit dependence on the magnetic field are given in Appendix C of Ref. [22]
(note that nµ ↔ V µf and the index n ↔ V ). In deriving these equations of motion only the linear contributions
arising from the collision integrals were retained. We remark that, given our assumptions, the omitted nonlinear
terms display no dependence on the magnetic field and were already calculated in Ref. [43].
To the best of our knowledge, Eqs. (118), (119), and (120) provide the first formulation of non-resistive, second-
order dissipative magnetohydrodynamics that can be causal and linearly stable around equilibrium, in contrast to the
Navier-Stokes approximation derived in Sec. IV B. As such, this new system of equations is suitable to investigate the
effects of magnetic fields on relativistic dissipative fluid dynamics, e.g. in heavy-ion collisions.
The coefficient of the term involving the magnetic field in Eq. (119) is
δV B =
F (1)10 + αh0
A(1)00
, (121)
while the corresponding coefficient in Eq. (120) is
δpiB = 2
F (2)10
A(2)00
. (122)
In the limit of a massless Boltzmann gas with constant cross section, αh0 = −β0/4, F (1)10 = 2β0/3, F (2)10 = β0/5,
A(1)00 = 4/(9λmfp), and A(2)00 = 3/(5λmfp), such that
δV B =
15
16
β0λmfp , δpiB =
2
3
β0λmfp . (123)
Let us finally comment on the first-order Navier-Stokes limit of the second-order equations (118) – (120). Note
that the first terms on the right-hand sides, proportional to the standard bulk- and shear-viscosity as well as particle-
diffusion coefficients, are actually independent of the magnetic field. But these are not the only first-order terms in
these equations: without an assumption about the magnitude of the magnetic field, also the last terms in Eqs. (119),
(120) are formally of first order in a small quantity (Vf,ν or pi
κλ, respectively). As demonstrated in the previous
Sec. IV B, these terms are to be combined with the first-order terms on the left-hand side and, after inversion of the
respective coefficient matrices, then lead to the various new anisotropic transport coefficients discussed above.
On the other hand, when solving the second-order equations (119) and (120), one does not need to replace the
standard viscosity and particle-diffusion coefficients with the new anisotropic transport coefficients found in Sec.
IV B, because the effect of the magnetic field is already taken into account by the terms ∼ B in these equations.
V. CONCLUSIONS AND OUTLOOK
We have derived, for the first time, the equations of motion for non-resistive, second-order dissipative magneto-
hydrodynamics from the Boltzmann equation. The derivation is based on the moment expansion of the Boltzmann
equation coupled to a magnetic field for a single-component gas of particles without dipole moment or spin. The
magnetohydrodynamical equations of motion were obtained in the 14-moment approximation. This is essentially a
generalization of Israel-Stewart fluid dynamics to the case of a non-vanishing magnetic field. Despite our simplifying
assumptions, the results exhibit the basic structure of second-order dissipative magnetohydrodynamics, in particular
how the magnetic field couples to the dynamical evolution of the dissipative quantities. In particular, we note that
within our approximations the form of the equations remains close to that of Israel-Stewart theory, with additional
terms that couple the fluid to the magnetic field. As such, the new set of second-order dissipative magnetohydro-
dynamical equations derived here allows one to investigate the effects of magnetic fields in relativistic dissipative
fluids in a causal and linearly stable manner. Moreover, we have shown how the first-order transport coefficients split
into several components, recovering the results of Refs. [10, 13], with the notable difference that there is only one
bulk-viscosity coefficient in our approximation. The reason for this is our assumption that the collision integral is
independent of the magnetic field.
There are many possible directions for future work: (i) The 14-moment approximation gives only an estimate for
the values of the transport coefficients. Improved values can be obtained by resumming higher orders in N` in the
moment expansion, as demonstrated in Ref. [22]. (ii) Resistive, second-order dissipative magnetohydrodynamics is
obtained by keeping the electric field Eµ in the equations of motion. (iii) An extension to spin degrees of freedom
allows to include effects of polarization and magnetization [28]. (iv) A relativistic treatment requires to take into
account antiparticles with opposite electric charge. These and further questions will be addressed in future work.
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APPENDIX
Our conventions for the rank-four Levi-Civita` tensor µναβ are as follows. We take 0123 = +1, which implies
µναβ = −µναβ . We also have the relations
µαβγναρσ = δ
µ
ν
(
δβσδ
γ
ρ − δβρ δγσ
)
+ δµρ
(
δβν δ
γ
σ − δβσδγν
)
+ δµσ
(
δβρ δ
γ
ν − δβν δγρ
)
, (124)
and
µναβκλαβ = 2 (δ
µ
λδ
ν
κ − δµκδνλ) . (125)
In flat Minkowski space, all Kronecker deltas can be replaced by the mixed contra- and covariant metric tensor, e.g.
δµν ≡ gµν .
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